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Two nev methods were developed for predicting projectilc shape
which yield minimum total drag at supersonic speads. 1lhe first tech-
nique is an Eulerian scheme that uses modified Newtonian theory wmmd
Prandtl-Meyer expansion for pressure drag with Van Driest skin friction
and semi-empirical base drag predicticn. The second scheme iterates
body coordinates with the second-order shock-expangion theory and the
same skin friction and base drag methcds o minimirze the total drag.

A different shape is determined for each length-to-diameter ratio and

Mach aumber.

The f;rsc technique was found to calculate a reasonably accurate
optimal shape, but did not predict accurate drag coefficients. It was
found that the modified Newtonian theory plus Prandtl-Meyer expansion
predicted pressuré drag coefficients much too low whereas the second-
order shock-expansion method gave good results. The second technique
predicted both accurate optimal shapes and drag coefficients. Optimal
shapes were predicted using the second technique for Hnéh numbers 2-5
and length-to-diameter ratios of 4, 5, and 6. They were found to com-

pare well with experim:ncal data.
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INTRODUCTION

% The need for optimal body design in minimizing total drag has

5 , been genarated by the Navy's requirement for prcjectiles to have longer

* vange, shorter flight times, and higher terminal velccity. The work of

E Muom1 in 1959 analyzed optiﬁnl nruojectile shape using mostly eypirical

E techniques. Resulrs of this study indicated that range of current projec-
? tiles could be increased by more than fifty percent using aerodynamic

r

design considerations. Because of high experimental costs, it is desirad
that optimal body shapes be generated by cheaper analytic means. T ~ee

g main contributers of drag must be predicted in order to evaluate tocal
body drag. Thay are pressure or va§n drag, skin frictiom,ard base

drag. The major porticn of analytical +urk has been in the prediction of
optimal forebody shapes by minimizing pressure drag. Minimum wave drag

shapes were found by von Knrmanz, using slender body theory, Cole3 using

E Newtounian theory, and Hielea, who included skin friction drag with pres-
E sure drag calculations. The above optimization studies Lave led to

configurations which adequately predicted optimum soperscnic nose shapes
but neglected base drag contributions. The work of Hager, et. al.s

3 attempted to defina optimal projectile shape including total drag

analstically. HRowever, when compared to experiment, the drag predicted

was found to he low,

The objecy: of this effort was to create a more sccurate technique of
analytically predicting minimized total drag body shapes. Tha super-
souic regime (Mach numbers 2-6) was chosen siuce nrojectiles were the

bodies of interest. The approsch was to first fry a different optimiza i.n

3
1
i
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H
i
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schama than that of-Reference 3 while stili using the sama drag prediction
mathodology. A more accurate pressure drag prediction technique wvas then
tried to further improve optimization. A third optimization schema was
finally found that gave more accurate resulta although it vas compu-

tationally more timse consuming.
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FIRST PREDICTION METHOD

An Bulerian optimization scheme vas first tried on the drag
predictive techniques of Refernce 5. The Ruierian optimization is
similar to that of Miele in Reference 4. The drag prediction msthodology
of Refernce 5 uses modified Newtonian pressure distridution plus
Prandtl-Meyer expansion, Van Driest turbuleant skin-frictiom analysis,
and a seui-empirical base drag prediction. The total drag coefficient
is defined by

2 r (x) = } v %)’
C = C (x) r{r'(x)} dx+C, — =C [—] (1)
D S, /o P fu Se Py L d,

vhere

cp(x) is the pressure coefficient predicted by wodified Newtonian theory
plus Prandtl-Meyer expansion, Cf. is the flat-plate turbulent skin-
friction coefficient, and Cp is the base pressure coefficient. The

B
forebody pressure coefficient is found using mcdified Newtonian theory

C_ =C sin“ @ (2)
P

vhere

Cp is the stagnation pressure coefficient behind a normal shock
o

defined by
Y 1
2 | o+ | | T
c = ' ; -10
P, Tui 2 21!2 - (v=))

and 8 is the body slope with




' (x) = can 0. (8)

The stagnation pressure calculation { limited from a blunted

nose o the point of maximm thicknass. At tha point of maximum
thickness {8+0), Xquation (2) gives CP = 0 leading to small inac-

curies.

, The afterbody pressure calculation is calculated from the
I

g

Prandtl-Mayer expansion

dp Yp!(z

— O — - (5)

A ——p—

de Hz-l

This expression ias limited to regative slopes of leas than 8° on the

afterbody.

The gkin-friction prediction'is from Reference 6 wvhich assumes a

fully turbulent boundary layer. The mean skin friction coefficieac

o e g . -

for a flat plate, (:f is fo>ynd through iteration of the fnllowing

equation

0.242 ('m/'r_)"" (sin”! c, + sin”t c,) =

A ch )

1+2n

log,, (Re_ C. ) - 53— log, (TW/T) C)

vhere

v-nm | ¥ 1+ (y-1)
5 B =
2T,/ Ta 2 2 T/T,

A= —1;

242_ 3 B

W =
D)

— . ; C .
@<+ D1’ 2 (32 4 42

¢

Stasidecin ki a et

[L R P RS I A R, Sy

L O T 7 R

s nteadd 820




The variable u in Pquation (6) is the power in the power viscosity

-3
r o
v .[_'] N
Yo T

! and for air n is 0.76. A Prandtl number of unity and a zaro pressure

law

gradient in the fully developed turbulent boundary layer are assumed in
the relations above. The freestream Reynolds number is

| Pg T2

; ot ©
5 wisere

1 1s the total configuration length. The temperature ratio TWw/T_

is found assuming an adiabatic wall and by introducing the turbulent

5 recovery factor RT

; T 1
] W
t 'ra'l"'k'r"z"”:z-‘ 9)

The turbulert recovery factor varies spproximately as the cube root

of the Prandtl number : - that

IS

R, = P . (10) |
Te c¢pensate for the assumption of Pr=] in the Var Driest method,
f the astual Prandtl number of air, Pr=0.73 was used in Equation (10).

Thus Equarion (9) bscomes

r Y.ul
v
-,r:-1+o.9—2-x,2_. (1
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One can now combine Equations (8) and (l1) with (6) to solve for cf..
The Newzon-Raphson method is used to calculate Cf. in Cquation (6).

The base drag is calculated using a sami-emperical technijue
developed by bbore7. A mean curve of crnerimental base pressure daia iw
given 1ip Figure 1. This dara assumes a fully deveinped turbulent
boundary layer ahead of a long cylindrical afterbody. The effect of a
boatail significantly alrers base pressure and must be accounted for.
The empirical equation used is

d, 3
B ;
[ T ) . (12)
T

Equation (!2) can be usad for all Mach numbers where Cp is the base
BA
pressure given in Figure 1.
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EULERIAN OPTIMICATION

FOREBO2Y

The predictive techniquee dearriied above wera them usac with an
Eulerian optimization schemn.‘ Hager usad an algorithm bssed oo
LaGrange duaiity theory for convax control problemc in his analysis and
it was thought the Eulerian te:hnique might be a more nccuri:s optimi-
zatjon scheme, DeJaruette, in an unpublished work, deveiuvped the
technique below and found it simpler than that of Kager, et al,

The otal drag equation was redefined as

X

: ,
c.r: _=21°¢ J¢ r +C. | rdx+
2 max p,nose b4

-
<

3 (1 \_
X . r :
2 J £ [ C £ '+ Cf ] rdx + C ri ~C £
x p,att P PaAB ¢ 3
c e
| i
with the r and x coordinates defined in Figure 2, :
Now let j
i
F = [cp r' + C.y '2+1] (14) %
noting E
!
i
1
S 4
r ax (15) i
and |
F = F(r,r"). (16}
3
. 7
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The type of body teing optimized 1o of the goneral coufiguration showmn

R

ia Figura 2. It ccraeists of a bivnred nose, sud boatail with a dis-

continuity 2% he coraer. A aaximum dedy radius aad length to (ilameter : v

racio (L/D) are conetreints. Using (14), (13), and (16) ccnsider the

A E A "N e RN ag S

firet variatisn of equation (12) a»

, x

c, 2 ot 20 ’ d |

. l D max!| = F_-—=—| § rdx + Fr - = Fr'|d§ rdx +
‘ 2

- f b . ‘
EF - TTF ) Sx + F 65—11 - [EFertrvex 4 aF e ] + i

2
3 Tf
C, . r, 6, =% C —_— (17)
Po "1 i 2 PAB T, Grf

PR VTR R TR TGERRTAT ORI SRR CTORES CTTWIAR WS RIS TR T

where : ]

» the subscripts C- and C+ denote conditions imwadiately before and after ;
4 N ] 1
F the cormer at x, and 8¢ represents the distance between the extermal '

and comparisom arc as defincd in Reference 4, ¥For minimum 4rag, the

variation of drag in equation (17) equals zero su now consider the

right side of the equation as distinct parts.

AL L £1G it

For the integrand of the iategrals in Equatiom (17) to be zero,

Fo- Id; (Fr') = 0 (18)

but since F is a function of r and r', thea from Miele‘

F - r'Pr' = constant = -C,- 19)

Recalling chat

Sl S T S R T

P=Cr' [t'2 + 1 :
pf T CgNT'4+ 1, : , :




s C =¢C (r'

; P P( )

% and

% ac ') c,r'

i- Sl L e e B

- Ve'é+1

e

E Then,

| ' e - dc

. - - ' o i P

F tFr' LSPI' 4Cfv’; +jr-r'rcp+rvdr' _

2 (20)

* C C =

F ' L. £ . _ t2 dC?

; FTEI ST dr

E,

g and further

E.

1

- dC C

g r |r'? ? - £ = constant = C (21

5 & T T o ‘

L
This equation holds for the forebody and afterbody.

% At the corner of the body, 6r = 0 but 6x ¥ 0, w:ich means the
value of the maximm thickness is fixed, but its x location 1is not
fixed. This condition gives

\ A(F - r'Fr') = 0 (22)

4

{ and therefore

(co)forebody - (co)afterbody (23

Pl pbt it A b cac i cudh s e e R T Y BT T e T e £ i il Mt b o S L s
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At the beginning of the forebody (the subscript i location in

Figure 2), Sx = 0 and ér ¥ 0. This gives

T T T T T ey W W TR

—I't. + CPori =0 (2‘) ."ii

For the forebody, using Modified Newtonian theory, Equati;n (2) yields

Ly e e

rv2
CP = cPo 1+r'2 (25) i
é and 3
! d r'2(3 + r'?) .
; — (C,r') = . 26
b dr ( p* ) Po (1 + r'?)2 (26)
i ,
] - i
g Now use equation (21) at the i location and find’
' #
5 1] '2 1 ;
-, 3+ r, ) Cf L !
+1-3 =0 Q7
i a + riz)z Po 71 + "iz

"Using a Newton-Raphson technique, equation (27) can be solved for the

optimm initial slope, ri.

ot i

Using the Modified Newtonian pressure distributionm, it follows

{ that j
]
; 4% [;; +r'2) 2r' - r'2 2r' 2Cpo T ?
} Fraidie ) Rk G T e @ -

1

For the forebody, equation (21) gives




chor'3 cf
F T+ 97

- - c (29)
T+ 1 °

F or rearranging

r 1+r'?H2 0
Al o e oo

Now on the forebody section x can be related co r by

dr dr'
d"'%l""d:' - (31 .

Applying this result to equation (30), it follows that

TR 3 T G TR L

v2 2 2
1 ar _ Lot T @Ar'T) (77 -3 ) (32)
Co aT’ ECPOrIS - cf Q+ ,.z)a/ﬂ 2 ;

Using the function x/C° for x in equation (31) it follows that ]

Zcp r'(l + r'?)(r'? - 3j4ar’

5| - - ’ 3
CO [ZCP r'd - cf(l + r'2)3/2]2 (33) i
o . ‘

Equations (30) and (33) give two parametric equatious to determine

the optimum forebody shape.

AFTERBODY

The afterbody shape optimization starts with the base conditiom,

§x = 0, but or ¥ 0 from equations (17) and (18)

3 F
T 2 PapTe ‘
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i,
'
3
3
1
r
!

T gy e

T —

R

and

d(c r') c,r' dc c.r'
F' =r—E—+ £ =riC_+1' ]+ __.___f . (3%)
T dr AT+ T ) e’ T T a1

Combining
dc r? c.r!
3 £ £ft
r[: +r|—_¥] - =0 —_— ———— (] (36)
poofdrle 2P Tc AITFT |

-3 £ 7
5 C . 37)

Use the Prandtl-Meyer Function to determina the pressure on the

afterbody as follows

r' = tan 8 ' (4)

8 =~y + Ko (38)

where
» is the Prandtl-Meyer functiom and Ko is a conatant evaluated at the

corner. The first integral of the Euler equation is given by

ac c
' - £ - : 39

The pressure coefficient is defined by

P-p, P (PP
C = .«—|—=2]-1 - (40)
P 4, 9. |Pg Pa

e e i el st DM o n e
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Differentiating equation (40) by r'

2
Fp P04 |PI P d P 1)
dr q.F po q_aw P a8 ar'
Noting that
acl .1
9 ccsla
—_—
.P_.[l....Y__;__l.Hz]Y-l
0
and
Fou2
Y M
o P Po__
de » T

from ccapressible aerodynamic theory3 subutition into equation (4)

yleids

d dc_ de £ m2
% 9% PoY B

—— - (42)
dr dé dc 9% A o1

cos?e .

Now substituting in squacion (38) the optimal equatior for r om the

afterbody is as t~llows

P, Y -pf- M2g1r29 C,
% M- 1 TEE I °

Let thu bracketed quantity in equation (43) be called g(r'), theun

TR R IE X QPRI T PP APNPPRrAEg RN TR

;
i
{
i

o Sl s} e e

i it e
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Then
-C_ g'dr'
dx dr _ _’o .
s‘r
or

d [E"] « 2 dr (44)

ger

Integrating by parts from the corner (x-xc), equation {44) becomes

XxX-x 4 r X r '
C C dr
¢ "Tr Tcxit| T (45)
o b ocC xc v
where
c 8 .
o Y L. M2g1n20 c ]
zg.__po - £
“ M-T ATE

If the integration variable is changed to M2, the Prandtl-Meyer

axprassion 1is

I TN 14 )

48
w24 +3-;»‘-n§

14
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E than
; apt -t o =TT a0)
: . coacé ZHZ(I + 1-5-_: Hg)
] and the expreasion for x ou the afterbody ia
N x - x, .
{ g M- 1 d(HZ) . (47)
{ c C fr 2 I 2
o o stn 8 Ki(l + M<)
The Prandtl-Meyer fuaction is defined ams
' / - 4
a1l -l - DM - 1) -1 £ :
v=/yTy tan / | - tan  MT < 1 . (48) i
= %
1 Fur comparision with Reference 5, p = p_ should be true at 8 = 0. 3
3
The Mach number when 6 = 0, MR' is defined by

or (49)

Q
L.
]
<
E
p—

with po being the stagnation pressure aft of the normal shock. It

should be noted that MR is not necessarily the sane as Hb. Recalling

L e s s camemdews . o  arl o s

equation (38)

: @ = -y + K
o

‘b - u(M-HR)

e mn.mes el Gelel Ll e ekt e PR ettt i il e e




| assumed 8. Equation (45) is integrated with ! greater tham nc until

and '

we K -
o e

e ition it

for 6 lass than zero on the aftaerbody.

The calculation on the afterbody starts at the cormer with an

the base is resched where equation (37) is satiafied. At each inte-
gration step the pressure coeffirient is defined as 4
P p P
c =-2j—=2-1 (50)
P 4, |P, Pa
znd therafore i
¢ lo P P 2 j
Py % W ™ ;
or g
P H
0 2 i
~— = |IC + . 51 !
1. [po Y—Hf} L

Dividing both sides of equatiom (51)

(p,/q,) 2 |
0 ® . . !
~C 1+ ¢ j

Po Po f

The equations for the forebody using Modified Newtonian pressure theory -

. .
i 2 s e Attt e

are

16




+r'2)
E- 2 — (s2)
1 fzti 3 - c_f_ (lﬂ' 2)
l Po

(53)

On the afterbody using the Prandtl-Meyer expansion for the pressure

coefficient, the equations are

P M2sin20 Ce -1

L. - (54)
¢y [ Y“Z‘:p ] CPOJE"'TTT

MZ
% ST r M- T _d400) (55)

- (] - - ] - » l . -1
Cy c,r' G’ 201231“9"["‘12—:42}
M
[+

where

e-x-\).
Q

EULERIAN RESULTS

Equations (52) through (55) were digitized in a marching schema to
optimize a projectiie shape given Mach number and initial conditions.
The initial slope was found using equation (27) which started the marching
schems, Transition from fornbodj to afterbody was made at the maximum
diamster location. The end location (position X¢ i{n Pigure 2) wvas

determined by minimization of base drag effects.

17
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Casas of Mach numbers 2 and 3 with sea level conditions were run
and compared to that of Rofirenct S. Plota of these cases are shown in
Figure 3. Ip the Mach 3 case, the Eulerian Optimizliion gave drag
ccefficients vhich were approximstaly 107 leas than the method of
Reference 5. This does not compare well with the experimental data of
Rngetence 9 for the Navy 25 mm round. The wind tunnel data in Reference
9 was for a shape optimized on a L/D ratio of 5 with maximm diameter at
3.5 calibers (xc/xf = ,7) at Mach 3. The code usaed in Reference 5
predicted a drag coefficient 22X less than experimert while the Eulerian
optimization was 31X less. The Mach 2 case is much worse although it
shculd be noted that the wind tunmnal model was optimizad for Mach 3. A
comparison of the predicted optimum shape for L/D = 5, Mach = 3 {3 give.
is Figure 4. Both shapes are very similar to that used in Reference 9.
The shapes generated by Eulerian optimization were similar to those
generated in Reference 5 for different maximum diameter locatiomn. The
Eulerian scheme did not predict the drag more accurately which was the
goal. Tals led one to question the accuracy of the optimization although
the shape generated was essertially the same as previous attempts. The
failing of the drag prediction to be accurate was attributable mostly to
the wave drag prediction of the modified Newtonian theory. The better

accuracy of second-order shock-expansion waa then given consideration.
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OPTIMIZATION USING SECOND-ORDER SECCF~EXPANSION FREDICTION

EULERIAN TECHNIQUE

The second-ozder shock-expansion theory was used by Syvertsonm
and Dennis in Reference 10 to predict wave drag for pointed bodies at
angle—of-attack equal to zero. The method was modified by Jackson et.
al. in Reference 1l to account for blunted bodies. The body in this
method is replaced by a tangent body which is a series of conical
frustrums tangent to the actual body at various body locations. An attempt
was made to use the Eulerian optimization scheme with the second-order
shock-expansion method as the wave drag component. The Newtounian theoury
was optimized using a first-order scheme from Reference 4. A secdnd-
order scheme also from Reference 4 was initiated, but was rejected
due to coﬁplexity of the terms and type of schocme needed for numerical
1ntegra:ioﬂ of the shock-expansion theory. Of major concern was the
large size of required matrix operations. A less complex minimization
scheme, using the second-order shock-expansion method for the surface

pressures, was developed and is described below.

SECOND-ORDER SHOCR-EXPANSION PREDICTION METHOD

The new cptimization scheme developed here is essentiaily a
geometric iteratios wrthod of determining an optimum chape. The accurate
second-order s»hnck-expansion technique developed in Referemces 12 was
chosea to replace the mndified Newtonian plugs Prandtl-Meyer expansion
because of its relatively quick computation time and extensive use ia
body alone aerodynamics. The Mach number range is from 1.5 to 6.0 in
this method.

The original second~-order shock-expansion method wes developed
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for pointed noses with attached shock wuvuc.a In the basic method, pressure
on the initial cone is obtained from a cone solution and is congidered
countﬁnt on the cone. The pressure drop at the £irst juncture is celculated
from standard Prandtl-Meyer expansion. The preasure along the next

frustrum varies exponemtially aad is made to satisfy three boundary

conditlons. The first bcundary condition is that the pressure (pz) just
after the cornmer of the initial cone and first ccmical frustrum is obtained

from Prandtl-Meyer expunsion. The seccnd boumdary condition is that

R e

the pressure gradient (3p/33)2 at this position (just after the cormer)
is cbtained from an approximate expression developed in Reference 10.

The third boundary condition is defined by setting the pressuvre at infinity 3
equal to the come pressure (pc) that would exist on the first conical _ ;
frustrum if it were infinitely long. The pressure along a conical

frustrum can then be given bylz

PRSP REPOICIE Y _EVE Vi A

-0
P= P, (p, - Py @ (56)
where ?
3p (x - x,) C
nw|— (for n > 0) (57) -
s |, (pc - p,_) ro8s,

The cone angle 62 is defined as the conical frustrum inclination. Tz
Fressure gradient juat dowustream of the corner (position 2) ias
determined from the approximate expreasionlo

B, |fl : j
ap) o, fas) .z - S
[as J2 " A2 [a.- 2 "r (@, M e, o

B, R .
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where

*{pﬁz
2(1°-1)
2yp
sin 2y
(ytl)
L 2(y-1)
q-Lif 1+ mz W 61

T
_ 2

In the above equations (~38/03s) is the curvature of the surface
which is zero on conical frustrums, Q is the one dimensional area ratlo,
and the subecript i refers to the position just before the cormer.

Since the pressure is counstant on the initial cone (3p/3s) equals zero
on the first conical frustrum after the initial coome. For all sub~
sequent conical frustrums the pressure gradient is obtained from tne
derivative of Equatipn (56). For wore details of this method, see
Reference (10).

The original second-order shock-expansion was modified by Jacksono,
et. al.n fcr blunt bodies by using the modified Newtonian pressure
distribution up to a "matching point". The matching point was set as the
maxinum angle for an attached shock wave. Beyond the matching pount,
thce original second-order shock-expansion is used. DeJarnatte and
Joneslz nuade two wodifications to that of Reference 11 that increased
accuracy. A computer code was developed using these modlfications along

with the Van Driest6 skin-friction prediction and the semi-eapirical

base precsure nethod devised by Hoote’.
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{ The moaifications wade in Referencs 1Z consiat of introducing

; an "exact" pressure gradient downstream of a corner and determining
: 3 nev matching point for matching second-order shock-expansion with
swdified Newtonian theory on blunt-nose bodigs. The "exact" pressure
gradient is based on the mezhod of characteristics. The following

equations were derived on the surface tst:reamli.nel2

e

- 1)3/? (62) 1

where

-
Q .[.;3) {»;%- A%—ﬁl_l (63)

o s "

Equation (62) is integrated numerically around the corner along with

G R i LT N R S

the Prandtl-Meyer expansion to determine Q. Equation (63) is solved
for the pressure gradient (3p/2s). A new matching point was found to

ba the position on the nose whera the modified Newtonian pressure

ud' Comain TSI Nt Sl i o A 5

distributicn gives a local Mach uumber cf 1.15.

NEW OPTIMIZATION METHCD

tsap imwiem T ¥ i

The new optimization method atarts with a semi-optimum shape.
1 An iteration methcd is ther used to determine the body ~oordinates waicts

minimizes the total drag using the modifisd gecnnd-order shocl.-:-expans:i.dn !

method to calculate surface pressures along with the Vaa Driest skin-

friction and empirical base drazg methods.

The selection of a semi-optimum body began with a review of the

5L Al 5o Mo i s e it 5, e
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optimum studies of Reference 1 through 5 and 9. The general conclusions
of the first five references indicated that a 2/3 or 3/4 power law forebody
gave minimmm drag. References 5 and 9 further found that a good after body ..

wouic be one with a conical boatail. Purther, Reference 9 noted that for

practical applications, a blunted nose is necessary. A review of experimental

data of optimum shapes confirmed the theory that one optimizes for a
glven Mach number. An atbitrary selection was made from the results

of the above study that the semi~optimum shape would be chosen for

Mach 3. The initial bBluntness was made L/D dependent from the results
of the Eulerian Optimization. The forebody was set as a 3/4 power law
body allowing for the selection of different maxdmum diameter positions.
From the maximum diameter location aft a 6° conic was chosen. The
result_ing semi~-optimm body differed from Reference 5 and the Eulerian
Optimization in che forebody st.xape and the boatgﬂ cutoff location.

A total of 20 coordinates were selected as an adequate description of the

body with 14 o¢n the foreboedy and the remaining 6 on the boatail.
20

A set of independent coordinates { x, } were selected with the

i=1
i=1% point taken as the point of maximum diameter (note i in this section

represents a coordinate). The corresponding set of dependent variables

| T, }20 were initially determined from the semi~optimum body. For

iml :
prescribed values of {xi}. T14° M_, and Reynolds number, the drag

coefficient cun be represented by
CD = CD(ri) 1= 1,2,...,20 (1#$14)

It is desired to determine the values of ri which makes CD a relative

23
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minimum. If {ri o} represents the initizl set, or a set from & previous -
»

*
iteration, then the Taylor searies expansicn gives

—. L. 1 '
- 3
=G * nz; " ; [ Zi: ar, 3’1)] c, g} (64)

and thus.
82
ac 9
___D. _EQ + ~———C—D_ Arj"'oo' . (65)
:;: dr, or
81‘1 Bri A ri i
For Arj sufficiently small the higher order terms may be neglected.
A necessary condition for a relative minimum for CD'is'-
%
ari

Thus Equatioan (65) gives

2
3 3 cC
0= _C_D. +E —D Arj . (66)
T dr, 2ar
1 o 3 1 (e]

Equation (66) represents a linear system of equations for the unknowas

Arj. However, it 13 cumbersome to calculate the cross derivatives
2
3Cy for 1 ¢ §.

ari arj

Therefore, Equation (66) is spproximated by

? ?
0=f— |+ ~E%— or, . (67)
ari o 3r1 o

*
in all the analysis here i=14 is suppressed.
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The derivatives in Equation (67) are formed by the following central

difference quotients

fac.\ . ct -¢c
D\ .
ari o 2Ar1 .

2 + -
3 C -2 +
ity /o (Ari)

where
+
CDi = Cplry o Ty o 0Ty
j=1,2,...,205 § #1

%, " G (Ty,0% T1,0 = 57y

i i’

The iteration process involves calculating C_ , C+ aad C;
Do Dy 1

and "r, 1s two percent of r

{. 1,..+,20). Then using equations (68) and (69), equation (67) can
be sed to calculate Ari. Then new values of r, are calculated by
adding Ari to the old values. The iteration process is continued
until onvergence which wag assumed to occur when Ar1 changed less than
oce rcent. In the iteration process, if IAriI > &r, then the magni-
tude of Ari was taken to be Ari. Again, note that L for i=14 was not
changed since it is the maximm diameter point.

Convergence did not occur in cases where the maximum diameter
location wvas less than 25% of the total length. This is probably due

to the negligence of the cross product terms.
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RESULTS

The optimizaticn schema described above was digitizad in an
efficient mamner to minimize computation time. Since the maximum
diameter location is an input parameter, cases were run varying this
location (xc/xf). Also varied wereMach number and total length te
diameter ratios. Results of typical runs for sea level counditions
are given in Flgures 5,6, and 7. As a coﬁparison. the shape generated
by the new optimization technique is drawn with that of Reference 5 in
Figure 8. This shape also is very close to the shape generated by the
Eulerian technique (Figure 4). The predicted drag, however, is
different. The Mach 3, L/D equal 5 case is found in Figure 9. The
Mach 3 Experiment point is that found in the wind tunnel test of
Reference 9. The 25 mm shape ;:ested is quite similar to those in
Figure 8 with the exception of grooves placed on the boatail. These
grooves are used for rotating band attachment and could be responsible -
for some of the 9.6% difference in drag coefficient. The shapes for
other cases using the new scheme compared similarly for other Mach
numbers, that is good shape agreement, but different drag coefficients.
An interesting development in this method is that the design curves
produced are flatter in the optimum drag area than those of Reference 5.
This would tend to give projectile designers more freedom in actual
shape variation and still producs low drag results. A summary of tke
Mach 3 cages are shown in Figure 10. These curves indicate the trend
of increased x‘:h:f with decrease of L/D for optimum drag. Figures 5,
6, ard 7 illustrate the trend of increase in ::c:/::f with increase in
design Mach number.

The new optimization iteration code is simple to operate and gives

the user ease in running multiple cases. The number of iteratious to

25
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convepgenceranged from 4 to 17. An averags case (1 Mach number and L/D)

cost approximately $10 on both the IBM 370 and CDC 6700. Core require-

pents ate minimal and the code cculd be put on larger mini-computers
r . (64K bytes). Output includes the number of iterations to convergence,
components of drag, total drag coefficient, and the minimum drag shape

1 H
coovdinates.
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CONCLUSIONS AND RECOMMENDATIONS

1. Two numerical methods were developed for calculating optimum
projectila shape for minimuu total drag.

2. The Rulerian optirmizatioa technique calculates similar shapes
for uinimum drag, but is inaccurate in its prediction of total drag.

3. The new optimization teclnnique gives both an optimum shape
and a more accuratea drag prediction when compared Zc experiment.

4, A limitation of the new optimization code iz that the maximum
diameter location must be greater than 25% of the total length.

5. The ratio of maximum Jiame:er location to total length tends
to increase for decreasing L/D ratio and increase with increasing Mach
number fcr optimum shapes.

6. A good agreement between three diffcrent predictive techniques
lends credibility to the actual shape of minimum drag rounds.

7. This technology should be proved axperimentally in both large

caliber rounds (such as 76 mm) as well as small caliber rounds.
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GLOSSARY

drag coefficient
base drag coefficient
skin friction coefficient

mean skin friction coefficient

' pressure coefficient

base pressure coefficient
diameter

reference diameter

length of configuration
Mach number

pressure

Frandtl number

dynamic pressure

radius of body (Figure 2)
body slope, dr/dx
Reynolds number

turbulent recovery factor
reference area

vetted surface area
temperature

vall temperature

velocity

length coordinate (Figurc.Z)
tatio of specific heats

angle along body surface (tan-l(dr/dx))
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GLOSSARY (Cont'd)

coefficient of absolute viscosity
Prandtl-Meyer Sfunctiom
density of air

ratio of cross-sectional area of streamtube to that at M=l

Subscripts

0

1

stagnation condition

condition immediately before a cormer
condition immediately after a cormer
base conditions

positidn of maximua « ‘ameter (Figure 2)
position at end of body (Figure 2)
position at front of body (Figure 2)

freestream conditions
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